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Results of numerical analysis of classical r-modes in rapidly
rotating compressible stellar models are presented. The full
set of linear perturbation equations of rotating stars in New-
tonian gravity are numerically solved without the slow rota-
tion approximation. A critical curve of gravitational wave
emission induced instability which restricts the rotational fre-
quencies of hot young neutron stars is obtained. Taking the
standard cooling mechanisms of neutron stars into account,
we also show the ‘evolutionary curves’ along which neutron
stars are supposed to evolve as cooling and spinning-down
proceed. Rotational frequencies of 1.4M stars suering from
this instability decrease to around 100Hz when the standard
cooling mechanism of neutron stars is employed. This result
conrms the results of other authors who adopted the slow
rotation approximation.
PACS Numbers: 04.40.Dg, 97.60.Jd, 04.30.Db
After the discovery of the r-mode instability caused by
gravitational wave emission [1,2], several authors [3{8]
have investigated its eect on the evolution of the stel-
lar rotational frequency. Those works have revealed that
the instability is strong enough to limit severely the ro-
tational frequencies of hot young neutron stars which are
born with the initial temperature of  1011K. Even if the
neutron stars are born with the nearly Keplerian (mass-
shedding limit) rotation frequency, they settle down to
states with only a small fraction of their original angular
velocity, i.e. with less than 10 % of the Keplerian ro-
tational frequency, when they cool down to the neutron
superfluid transition temperature, Tc  109K [9].
However, these results have been obtained by extrap-
olating the results of the slow rotation approximation
[10{12] to rotating models with the Keplerian frequency
[13]. Thus in order to see whether the evolutionary pic-
ture mentioned above is qualitatively correct and to in-
vestigate the evolution of stellar spins, it is indispensable
to study the r-modes by taking rapid rotation into ac-
count.
In this Letter, we will show our numerical results of
the ‘classical’ r-modes for rapidly rotating stars. Here
classical r-modes are oscillations with l = m, where l and
m are the indices of spherical harmonics. Our numerical
scheme is the improved version of the one used in the
polar mode analysis [14] and will be published elsewhere
together with more detailed results for rapidly rotating
compressible stars [15].
We have analyzed the adiabatic perturbations of the
equilibrium sequence of ‘canonical neutron stars’, i.e.
polytropes with p = Kρ2 whose mass and radius in the
spherical limit become 1.4M and 12.5km, respectively.
Here p, ρ and K are the pressure, the density and a poly-
tropic constant, respectively. This sequence is the same
as that analyzed by many authors in the slow rotation ap-
proximation. In Fig 1, the eigenfrequency ω normalized
by the angular velocity Ω is plotted against the normal-
ized angular velocity Ω/
p
4piGρc where ρc and G are the
central density and the gravitational constant, respec-
tively. [16] To compare with the results by the slow rota-
tion approximation, we also plot the solutions by Yoshida
and Lee [8] where the third order term in the Ω expansion
is taken into account. The result of the slowest rotation
in our results (Ω/
p
4piGρc = 0.0154) agrees with theirs
within the relative error of 0.4%. The grid point numbers
used in this computation are 32 for the radial coordinate
r from the center to the surface of the star, and 11 for
the angular coordinate θ in the quarter of the meridional
cross section of the star.
FIG. 1. The normalized eigenfrequency ω/Ω is plotted
against the normalized angular velocity Ω/(4piGρc)
1/2. Also
plotted are the solutions by the slow rotation approximation.
The dashed line is the solution of the rst order in Ω, whereas
the dotted line is the one in which the third order correction
is also taken into account. The mass-shedding limit of this
sequence is the point where Ω/(4piGρc)
1/2 = 0.205
By using the eigenfunctions of the obtained modes,
time-scales relevant to the stability can be calculated as
1
follows [17]: Perturbed variables can be decomposed by
using time and azimuthal harmonics  e−iωt+imϕ, be-
cause the equilibrium states are stationary and axisym-
metric. The dissipation time-scale is dened as the in-
verse of the imaginary part of the eigenfrequency ω.
If we introduce the canonical energy Ec of the mode
which is conserved for dissipation free systems, the en-
ergy dissipation rate by gravitational radiation through
the r-mode _Egr, and those by shear and bulk viscosity
















Positive values of τ−1r correspond to the states where
the r-mode instability dominates the stabilizing viscous
eect. Consequently critical states of the instability are
dened by τ−1r = 0.
FIG. 2. Critical rotational frequency of a 1.4M neutron
star with the polytropic equation of state p = Kρ2 is plot-
ted against the temperature by the thick solid curve for the
l = m = 2 mode. Also shown are the curves on which the
cooling time-scale of the star is equal to the r-mode instabil-
ity time-scale (dotted line for the modied URCA process;
dashed line for the ‘quasi-particle’ β-decay in pion condensa-
tion).
In this Letter, as for the source of shear and bulk vis-
cosity, we adopt the same microphysical process as that
used by Lindblom and Ipser [18]; that is, if the stellar
temperature T satises the relation T > Tc, the dom-
inated processes are neutron-neutron (nn) collision and
electron-electron (ee) collision. They result in the shear
viscosity coecient with the following density and tem-
perature dependence:
ηnn / ρ9/4T−2, (2)
and
ηee / ρ2T−2. (3)
When T  Tc, only the electron collision is required to
be included. The bulk viscosity arises from lag of the β-
reaction to the oscillation. The viscosity coecient has
the following dependence:
ζ / ρ2(ω −mΩ)−2T 6. (4)
For each mode, the inverse of the time-scale τ−1r de-
pends on the stellar temperature T as well as on the stel-
lar rotational frequency f . In Fig 2, we plot the critical
points of stability on the T − f plane for the l = m = 2
mode. Above this critical curve, gravitational wave emis-
sion instability dominates the stabilization eect due to
viscosity. Along the xed temperature line, i.e. vertical
line, the instability time-scale decreases approximately as
 f2m+2. As seen from this gure, the smallest value of
the rotational frequency of the critical curve is roughly 8
% of the frequency at the mass-shedding limit.
Together with it plotted are the curves on which insta-
bility time-scale is equal to the cooling time-scale of the
star. If we assume the ‘standard’ modied URCA pro-
cess [19] to be dominant in the initial stage of neutron
star cooling, the eective cooling time-scale τcool at the










where T9 = T/109 and tc is a constant characterizing the
cooling time which is typically  1y for this process.
Apart from the early phase, hot young neutron stars
may evolve along this evolutionary curve τr = τcool. Sup-
pose that a neutron star is born at the temperature
 1011K and with the rotational frequency above the
bottom of the critical curve. At the beginning it is sta-
ble against the r-mode instability and evolves along the
horizontal line on the T − f plane. In a few second, it
enters the unstable region against the r-mode and the
initial (stochastic) perturbation begins to grow. As long
as τr > τcool, it evolves almost horizontally. Once it
reaches the ‘evolution curve’, the star begins to go down
along this curve, since any hypothetical displacement of
the star from this curve will be amended by the growth
of instability or the cooling. If the star is located at the
right side of this curve, the star will evolve nearly hor-
izontally leftwards due to rapid cooling. If the star is
located at the left side of this curve, the star will evolve
nearly vertically downward due to rapid loss of gravita-
tional waves.
When the star goes down along the evolution curve
and approaches the critical curve asymptotically, the in-
stability ceases to work eectively and the star will not
be spun down by the instability any more. The location
of this evolution curve in the T − f plane is insensitive
to the value of constant tc. Consequently every neutron
star seems to settle down to an almost universal termi-
nal rotational frequency, i.e.  100Hz at the end of the
2
spin evolution. If tc = 1y, this frequency is 90Hz and
is reached when the temperature of the star equals to
1.1 109K.
On the other hand, if some exotic rapid cooling mecha-
nisms dominate, the picture may be changed drastically.
In Fig 2, an evolution curve dened by τr = τcool for
the model with pion condensation is also plotted (dashed
curve). The pion condensation enhances the cooling be-
cause a new process analogous to the ordinary URCA
process [19] begins to operate. The eective cooling time-





where t0c  200s. The evolution curve of τr = τcool shifts
upward and the terminal rotational frequency also shifts
to about 200Hz.
This means that in order to know the signicant ef-
fect of the r-mode instability on spin evolution of newly
born hot neutron stars, we need to know more about the
nature of dense matter at high and intermediate temper-
atures.
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d3x  [ρδ~v  δ~v  + (δp/ρ− δφ)δρ] , (7)
where δρ, δp, δ~v, δφ are the Eulerian perturbations of the
density, pressure, velocity and gravitational potential, re-
spectively. The superscript  means the complex conju-
gation of the corresponding quantity.
The energy dissipation rate due to gravitational radiation
is expressed by the multipole radiation formula as follows:









where δDlm and δJlm are the mass and the mass current
multipoles, respectively, dened as:
δDlm =
Z








d3x  rl(ρδv + δρv)  ~Y Blm , (10)
where c is the speed of light. Here the magnetic type
vector spherical harmonics ~Y Blm is dened as:
~Y Blm = [l(l + 1)]
− 12 ~r rYlm. (11)




(l + 1)(l + 2)
l(l − 1)[(2l + 1)!!]2 . (12)
On the other hand, the energy dissipation rate due to the
fluid viscosity is written as:
_Es = −
Z
d3x  2ηδσabδσab, (13)
for the shear viscosity with a coecient η, and
_Eb = −
Z
d3x  ζ jδj2 , (14)
for the bulk viscosity with a coecient ζ. Here the volume
expansion rate δ and the shear tensor δσab are dened
as:
δ  rcδvc, (15)
and
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rates are numerically evaluated for the rotating stellar
models.
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